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ABSTRACT
We give an example of a domain such that the sequence of iterated symmetric
rings of quotients does not stabilize. This answers a question of Passman.

The symmetric ring of quotients of a prime ring R was introduced and
studied by Passman [4]. It can be described as the set of elements ¢q of the right
Martindale ring of quotients of R such that Iqg C R for some nonzero (two-
sided) ideal 7 of R. This ring was used by Kharchenko in his investigations on
the Galois theory of semiprime rings, see [2].

Denote the symmetric ring of quotients of a prime ring R by @,(R). Set
OoR)=R, Qi(R) = Q(Q;_(R)) for i z 1. In [3] Lewin shows that if R is a
2-fir then Q,(R) is symmetrically closed, so Q,(R) = @,(R) forall n = 1. On
the other hand, Passman shows in [4] that the Bergman’s ring R =
K[tl[x,y |xy = tyx], first introduced in [1], satisfies Q,(R) # Q,(R) and
0,(R)=Qy(R)forall n = 2.

In this paper we shall construct an example of a domain R such that Q;(R) is
strictly contained in @, ,(R) for all i. This answers a question of Passman [4,
Question 2]. Our example is an adaptation of Bergman’s one.

Let K be a field with a nonzero element w € K such that w” # 1 foralln # 0.
We will denote by 4 = K(y,, »,, ... ) the free algebra in the noncommuting
indeterminates y,, J, .
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It is a well known result that if R is a domain and ¢: R — R is an injective
ring endomorphism then S = R[x; o] (i.e. S is the ring of polynomials in one
variable with coefficients in R with the classical additive structure and the
multiplicative structure given by rx = xr?) is also a domain.

We will construct a chain of rings 4 =4, C 4, C A, C - -+ in the following
way: A, = A[x,; 6,] where g, : A — A is the algebra endomorphism such that it
is the identity on K, y2 =y, if n # 1 and y{' = wy,. Assume that we have
constructed A4, =A[x,, X3, ..., X, 0,0, ...,0,]. Then we define 4,,,=
A,[Xp 41, 0041] where a,,,:4,— A, is the identity on K[x|, X3, ..., X,],
Yoo =y, if m #n+1and y,%| = x,... [t is an easy exercise to check that
0,. defines an injective ring endomorphism on A4, and hence 4,,, is a
domain.

Let R = U, .(4,. Since any 4, is a domain, also R is a domain. Moreover, R
can be described as the algebra K[x,, y,, x5, ¥, . . . ] with relations:

(a) x; commutes with x;, y; if { #j,

(b) yix, = wx,y,

(©) Vux, =X, _ Xy, for n > 1.

Set B = K[x,, X3, . . . ] the polynomial ring in the commuting indeterminates
Xy, Xa, . . . and S the free semigroup with 1 generated by y,, y,, ... . ThenRisa
free left B-module with free basis S.

If s€S and a€B, then there is a unique H(a)EB such that sa=
H,(a)s. Moreover, for every s €S, H, is an algebra endomorphism of B. On
the other hand s — H, is a multiplicative map between S and Endg(B). If
a is a monomial in B and s€S, then H(a) = ap,(a) for some monomial
¢ (@)EB. Also it is trivial that ¢(x)EK and for every n>1, ¢(x,)€E
K[x,, X,, . . ., X,_1}. Moreover, the degree in x,_,; of ¢,(x,) is the number of
appearances of y, in s.

LEMMA 1. Let I be a nonzero ideal in R. Then there exists 0 # a =
S.esas EI with a € B for every s €S, such that a, # 0 is a monomial for some
tES.

PrOOF. Assume that for every a = Z,cga,s €I any nonzero o« is not a
monomial. Then for every such a, there exist unique p, kK = 1 so that o, =
m ZP_o xif; with B €K[xy, Xy, . . ., Xi—1], Bo, B, # 0 and m € B is a monomial.
Choose a €I with a coefficient «, with k minimal and p minimal among all the
elements with k minimal. Consider the element

o = Botyra — @, (MH (Bo)ay it 1.
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Then o = aftyt + Z,,,08V,t + Z, ., 7styis With o, &, ,EB for every s€S.
If either ty,t = 1y, or ty,t = sy, ! then ¢t = 5. So the coefficient of ¢y, in o is
exactly a). Now we have

L2
o, = my,(m) ¥ xiy:
i=0

where

Vi = (olyk(xli YH (B:)Bo — H,(Bo)B:
for 0 =i =< p. Observe that y,=0 and y,€K[x,, ..., X,_,]. So we have

p=1
aj=m’" Y Xi¥is
i=0
where m’ = mg,, (m)x, is a monomial. If we prove that y, # 0 then we will
arrive at a contradiction with the choice of «,.
First assume that k > 1. In this case

Yo = Xi— 10, (xexg OH(B,)80 — H,(Bo)B,-

Observe that the degrees in x,_, of H,(8,)8, and H,(f,)B, are equal to the
degree in x,_, of ByB,, since By, B, EK[x,, X5, ..., x,_;]. It follows that the
degree in x; _, of x{_,¢,(xfx;_,)H,(B,)B, is strictly larger than that of H,(8,)B,
and consequently y, # 0.

Now we assume that k = 1. In this case we have y, = (0" *" — 1)B,8, where
n is the number of appearances of y, in 5. Since w is not a root of the unity we
see that y, # 0. [

Let M be the free commutative semigroup with 1 generated by x;, x,, ... .
Clearly M can be viewed as a multiplicative subset of R and it is a two-sided
Ore set. So we can define Q = RM !, the corresponding Ore localization.
Write D = K[x,, x !, x5, x5!, ...]. Then Q is a free left and right D-module
with basis S. If x = Z,c; A5 €Q (A, €D for every s €S), we define the support
of x as Supp(x) = {s €S | As # 0}. Obviously the functions H; (resp. ¢;) can be
extended to D (resp. monomials in D).

As in [4] we say that a subset V' C S — {1} is separated if for alla, b€V, if
w # 1 is an initial segment of g and a final segment of b, then we must have
a =w = b. We will need the following easy lemma.

LEMMA 2. Let T be a ring such that RC T C Q and let V be a finite
separated subset of S. If Z,cyB.a =0 where B,€Q,(T) then B, =0 for all
a€V.
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Proor. There exists a nonzero ideal 7 of T such that I, C Tforalla€ V.
Choose a nonzero element x in /. Then 2., (xf,)a = 0. Since V'is separated,
Vis a left Q-independent family by [4, Lemma 2.2(ii)]. It follows that x8, =0
for all a € Vand, since Q,(T) is a domain [4, Lemma 1.7], 8, =0foralla € V.

[ |

The proof of the following Proposition follows the lines of that of [4,
Theorem 2.5].

ProOPOSITION 3. Let Thearingsuchthat R C T C Q.ThenQ(T)C Q. In
particular, Q is symmetrically closed.

PrOOF. Let g be an element in Q,(7). There exists a nonzero ideal [, of T
such that gI,C T and IygC T. Set J = {xETI 1&Supp(x)}. Then J is a
nonzero ideal of T, and putting / = JI,J, we have ¢/ CJ and Iq CJ. By
Lemma 1 there exists o = 2, a S EI N R such that o, EM for some tEV =
Supp(a). By using [4, Lemma 2.3] we see that we can assume that Vis a
separated subset of S. Set f =ga€T and y =aqE€T. Then we have aff =
aqa = ya. Since Supp(a) is separated we obtain, as in the proof of [4, Lemma
2.4),that § = Z ., 7,s with 1, € Q. There exists m € M such that mt, ER for all
s€ V. Hence

mp =Y mts =mqa= Y (mga,s.
seV SEV
It follows that Z,c, (m17, — mga,)s =0 and so by Lemma 2 we have m1, =
mqa for s € V. Now we view Q,(T') and @ as subrings of the maximal quotient
ring of T and in this ring we have 17, = ga, for all s € V. In particular 7, = ga,
and so ¢ = 1,0, ' €Q. [ |

Define R, = R, R, = RM, ! where M, is the subsemigroup of M generated
by x, X5 ...,X,. Then RyCR, C --- and Q=U7Z,R;. For every i =
1,2,...,R, is a free left B-module where B, =K[x, x"',...,x,x !,

Xi+1> Xiz2, - - - ]. On the other hand set Q; =R, @, = Q,(Q,_,) fori = 1.
THEOREM 4. With the above notation, R; = Q, for all i = Q.

PrROOF. Assume that R,, = Q,, for some m = (. We will show that R,,, | =
Q.. +1. Since x,,}, normalizes R,, we see that R,,,, C Q,,,,. Observe also that
Proposition 3 implies that @,, ., C Q.

Let g =2,y AS€Q,,+1 \ R, +, where V = Supp(q) and A, €D. For some
tEV, A, =2, xjg withk = m +2,
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:quK[-xh xl—la cees Xk—1s -xk_—lhxk-H’ xk_+lla v ], n <0 and Hy #* 0

By multiplying g by suitable elements of M and then subtracting some element
of R we see that Q,, ., contains a nonzero element of the form p = x; ' with
B=Z2,cvB:8, B.EK[x\, ..., Xx_1 Xe+15 - - - |- Let I be a nonzero ideal of R,
such that Ip C R,,. Let a = 2 <5 a,5 be a nonzero element of / with a ;€ B,,. We
have ay[x; 'BER,, for all r = 0. Now

ayexi b= 2 asyixc'f

SES

_ r o1
= Y asSxixe Byt
5, IES

=xk‘_’1< ) Vsy;,sy::t>

5, LES

where y,;, = a,0,(cc)H,(x'8,). Since the degrees in x,_, of {y,,} are
bounded by a constant that does not depend on rand k — 1 Z m + 1, we see
that, for large r, the element ayix; 'S does not belong to R,, which is a
contradiction. S0 @,, ., =R, 1 1. |

REMARKS. (1) We deduce from Theorem 4 that R, ., = R;N, the normal
closure of R, [1], for all i = 0. So the iterated normal closure of R does not
stabilize.

(2) Let Q/(R) be the i-th iterated left Martindale ring of quotients of R.
Then the rings @/(R) and Q are subrings of the left maximal ring of quotients
of R. By using the proof of Theorem 4 we see that Qj(R) N Q = R; forall i. It
follows that the sequence {Q](R)} does not stabilize.
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