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ABSTRACT 

We give an example of a domain such that the sequence of iterated symmetric 
rings of quotients does not stabilize. This answers a question of Passman. 

The symmetric ring of  quotients of  a prime ring R was introduced and 

studied by Passman [4]. It can be described as the set o f  elements q o f  the fight 

Martindale ring of  quotients of  R such that  Iq c R for some nonzero (two- 

sided) ideal I of  R.  This ring was used by Kharchenko in his investigations on 

the Galois theory of  semiprime rings, see [2]. 

Denote the symmetric  ring of  quotients of  a prime ring R by Q~(R). Set 

Qo(R) = R,  Q~(R) = Q~(Q,_~(R)) for i >_- 1. In [3] Lewin shows that i f R  is a 

2-fir then Q~(R) is symmetrically closed, so Q,(R) = Q~(R) for all n >_- 1. On 

the other hand, Passman shows in [4] that the Bergman's ring R = 

K[t][x,y ]xy = tyx], first introduced in [1], satisfies Q I ( R ) ~  Q2(R) and 

Q, (R) = Q2(R) for all n >_- 2. 

In this paper we shall construct an example of  a domain  R such that Q~(R) is 

strictly contained in Qi + ~(R) for all i. This answers a question of  Passman [4, 

Question 2]. Our example is an adaptat ion of  Bergman's one. 

Let K b e  a field with a nonzero element co ~ K s u c h  that to" ~ 1 for all n ¢ 0. 

We will denote by A = K(y~, Y2 . . . .  ) the free algebra in the noncommut ing  

indeterminates y~, Y2, • • • • 

t The work of the first author has been partially supported by CICYT PB 86-0353-C02-01 and 
that of the second author by CICYT PB87-0703 and the Institut d'Estudis Catalans. 

Received May 3, 1989 

348 



Vol. 68, 1 9 8 9  SYMMETRIC RING OF QUOTIENTS 349 

It is a well known result that  i f  R is a domain and tr : R ~ R is an injective 

ring endomorphism then S = R [x; a] (i.e. S is the ring of  polynomials in one 

variable with coefficients in R with the classical addit ive structure and the 

multiplicative structure given by rx  = x r  °) is also a domain.  

We will construct a chain of  rings A = A0 c AI c A2 c • • • in the following 

way: AI = A [x~; a~] where al :A ~ A  is the algebra endomorphism such that  it 

is the identity on K, y~, --- y.  if  n :~ 1 and y[', = t.yl.  Assume that we have 

constructed A.  =A[x~ ,  Xz . . . . .  x . ;  al, a2 . . . . .  a.]. Then we define A.+~ = 

A.[x .+t;a .+~] where tr.+~ :A. - - - .A .  is the identity on  K[xI, x 2 . . . . .  xn], 
Ym ~"*' = Ym i f m  # n + 1 and y.+~°'+' = x ~ . + t .  It is an easy exercise to check that 

a .+l  defines an injective ring endomorphism on A. and hence A.+~ is a 

domain.  

Let R = U .  >0 A.. Since any A. is a domain,  also R is a domain.  Moreover, R 

can be described as the algebra K[x~, Yl, x2, Y2 . . . .  ] with relations: 

(a) xi commutes  with xj, yj if  i ~ j ,  

(b) Yl xl = toxl Yl, 

(c) y . x .  = x .  _ Ix.Y. for n > 1. 

Set B = K[xl ,  x2, • • • ] the polynomial  ring in the commuting indeterminates 

xl, x2 . . . .  and S t h e  free semigroup with 1 generated by y~, Y2,. • • • Then R is a 

free left B-module with free basis S. 

I f  s ~ S  and a E B ,  then there is a unique H s ( a ) E B  such that  s a =  

H~(a)s. Moreover, for every s ~ S ,  H~ is an algebra endomorphism of  B. On 

the other hand s ~-~ H~ is a multiplicative map between S and Endr(B).  I f  

a is a monomial  in B and s E S, then H~(a)= a~s(Ot ) for some monomial  

~ s ( a ) ~ B .  Also it is trivial that ~ , ( x ~ ) ~ K  and for every n > 1, ~s(x,)E 

K[x~, x2 . . . . .  x , - d .  Moreover, the degree in x,_~ of  ~s(x,) is the number  of  

appearances o f  y,  in s. 

LEMMA 1. Let  I be a nonzero ideal in R .  Then there exists 0 ~ a > 

Y.~es a~s ~ I with a, E B for  every s E S ,  such that at ~ 0 is a monomia l  for  some  

t ~ S .  

PROOF. Assume that for every a =  Z , e s a s S ~ I  any nonzero as is not a 

monomial .  Then for every such a, there exist unique p,  k >= 1 so that a ,  = 

m Zf-o x~/3i with/3i EK[Xl ,  x2 . . . . .  Xk-l],/30,/3p ~ 0 and m E B  is a monomial .  

Choose a E I with a coefficient at with k minimal  and p minimal  among all the 

elements with k minimal.  Consider the element 

a' = flotyka -- ~ty,(m )Ht(]3o)aYkt ~ I .  
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Then a' ---- a tt t yk  t + Z,~,,,f,sykt + X s ÷ t y s t Y k S  with a',, 5 ,  7 ~ B  for every s ~ S .  
If  either tYkt = tykS or tykt = sykt then t = s. So the coefficient of  tykt in a' is 

exactly a't. Now we have 
P 

a', = m~a,y,(rn) Y, x],7i 
i = 0  

where 

for 0 =< i =< p. Observe that 7o = 0 and 7iEK[xl  . . . . .  Xn_l]. So we have 

p - I  

E + 1 

i = 0  

where m '  = rn~,y,(m)xk is a monomial .  I f  we prove that yp ~ 0 then we will 

arrive at a contradiction with the choice of  at. 

First assume that k > 1. In this case 

y , ,  = - 

Observe that the degrees in xk-i  of  Ht(/3p)flo and Ht(13o),Sp are equal to the 

degree in xk-~ of  fl~gp, since fl0, tip ~K[Xl, x2, • • . ,  Xp_ 1]. It follows that  the 

degree in x,  _ ~ of  x~_ l~, (x~,x~_ I)H, (tip)S0 is strictly larger than that of  Ht (]3o)flp 
and consequently yp #: 0. 

Now we assume that k = 1. In this case we have yp = (to p(n + 1) _ l)fl~p where 

n is the number  of  appearances ofy l  in s. Since o) is not a root of  the unity we 

see that yp v~ O. • 

Let M be the free commutat ive  semigroup with 1 generated by xt, x2 . . . . .  

Clearly M can be viewed as a multiplicative subset of  R and it is a two-sided 

Ore set. So we can define Q = R M - 1  the corresponding Ore localization. 

Write D = K[Xl ,  x l -  1, x2 ' x2-1 . . . .  ]. Then Q is a free left and right D-module  

with basis S. I f  x = X, es ;t,s ~ Q (2, E D for every s E S), we define the support 
o f x  as Supp(x) = {s E S  [ )., :~ 0}. Obviously the functions H, (resp. tp~) can be 

extended to D (resp. monomials  in D). 

As in [4] we say that a subset V c S - ( 1 } is separated if  for all a ,  b E V, if  

w ~ 1 is an initial segment of  a and a final segment of  b, then we must have 

a = w = b. We will need the following easy lemma. 

LEMMA 2. Let T be a ring such that R c T C Q and let V be a finite 

separated subset o rS .  I f  Xaevfl~a = 0 where f laEQ,(T) then fla = 0 for all 
a ~ V .  
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PROOF. There exists a nonzero ideal I of  T such that Ifla c T for all a ~ V. 

Choose a nonzero element x in I.  Then Y~a~V (xfla)a = 0. Since Vis separated, 

V i s a  left Q-independent  family by [4, Lemma 2.2(ii)]. It follows that  xfla = 0 

for all a E Vand, since Qs(T) is a domain  [4, Lemma 1.7], fla -- 0 for all a ~ V. 

The proof  of  the following Proposit ion follows the lines of  that of  [4, 

Theorem 2.5]. 

PROPOSmON 3. Let  Tbe  a ringsuch that R C T c Q. Then QAT)  c Q. In 

particular, Q is symmetrically closed. 

PROOF. Let q be an element in Qs(T). There exists a nonzero ideal I0 o f  T 

such that qlo C T and Ioq c T. Set J = {x ~ T [ 1 $ Supp(x)}. Then J is a 

nonzero ideal of  T, and putting I -- JIoJ, we have qI c J and Iq c J. By 

Lemma 1 there exists a = X,~va~S E1  N R such that  a t O M  for some t ~ V = 

Supp(a). By using [4, Lemma 2.3] we see that we can assume that  V is a 

separated subset of  S. Set fl = q a ~  T and 7 = aq E T. Then we have aft = 

aqa = 7a. Since Supp(a) is separated we obtain, as in the proof  o f  [4, Lemma 

2.4], that fl = Xs~ v z~s with zs ~ Q. There exists m ~ M such that  mrs ~ R for all 

s E V. Hence 

mfl = Y, mrss = mqa  = Y, (mqas)s. 
s~-V sEV  

It follows that Z~v(mz~ - mqas)S = 0 and so by L e m m a  2 we have mT~ = 

mqas for s E V. Now we view Qs(T) and Q as subrings of  the maximal  quotient 

ring of  T and in this ring we have T, = qa~ for all s E V. In particular zt = qa, 

and so q = rta~- ~ E Q. • 

Define R0 = R, R,  = R M #  J where M,  is the subsemigroup of  M generated 

by x ~ , x 2 , . . . , x , .  Then R o C R ~ C . . .  and Q = U i ~ 0 R ~ .  For every i =  

1, 2 , . . . ,  Ri is a free left B,-module where Bi = K[x~, xt -~ . . . .  , xg, xi -~, 

x~+~, xi+2,. .  • ]. On the other hand set Q0 = R,  Q~ = Qs(Q~-~) for i >_- 1. 

THEOREM 4. With the above notation, R~ = Q~for all i > O. 

PROOF. Assume that Rm = Qm for some m > 0. We will show that Rm + ~ = 

Qm + ~. Since x,~+ ~ normalizes Rm we see that Rm ÷ ~ c Qm + ~. Observe also that  

Proposition 3 implies that Qm +1 c Q. 

Let q = Zsev2~S ~ Qm+~ \ Rm+l where V = Supp(q) and 2s ~ D .  For some 

t E V, 2, = Z]=, X~,~j with k >= m + 2, 
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I~j~K[xl, x; -1 . . . .  ,Xk_l ,X;J~,Xk+l,  Xkll  . . . .  ], n < O  and /t,:~O. 

By multiplying q by suitable elements of  M and then subtracting some element 

of R we see that Qm + ~ contains a nonzero element of  the form p = Xk lfl with 

fl = ~,,evfl, s, fl, EK[x t  . . . . .  Xk-l,  Xk+t , . . .  ]. Let I be a nonzero ideal of  Rm 
such that 11) c Rm. Let a = Z,es a~s be a nonzero element o f / w i t h  a, ~ Bin. We 

have ay~x~lfl ~Rm for all r >= O. Now 

Oly~Xk-1[3 = 20lsSY~'2Ck" 1/3 
s~-S 

= 2 asSXkJlXk-lfltY[: t 
s, teS 

where 7,~, =a,~o~(x~J~)H,(x~l[3t) • Since the degrees in Xk-t  of  {?,~t} are 

bounded by a constant that does not depend on r and k - 1 > m + 1, we see 

that, for large r, the element ay~x£-Ifl does not belong to Rm, which is a 

contradiction. So Qm + 1 = Rm + 1. • 

REMARKS. (1) We deduce from Theorem 4 that R i ÷ l =  RiN, the normal 

closure of  R, [1], for all i > 0. So the iterated normal closure of  R does not 

stabilize. 
(2) Let Q/(R) be the i-th iterated left Martindale ring of  quotients of  R. 

Then the rings Q[(R) and Q are subrings of  the left maximal ring of  quotients 

of  R.  By using the proof of  Theorem 4 we see that QI(R) N Q = Ri for all i. It 

follows that the sequence { Q/(R)} does not stabilize. 
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